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Abstract: We present a derivation of the chiral ring relations, arising in A/" = 1 
gauge theories in the presence of (anti-) self-dual background gravitational field GafB-y 
and graviphoton field strength F^p. These were previously considered in the literature 
in order to prove the relation between gravitational F-terms in the gauge theory and 
coefficients of the topological expansion of the related matrix integral. We consider 
the spontaneous breaking of A/" = 2 to A/" = 1 supergravity coupled to vector- and 
hyper-multiplets, and take a rigid limit which keeps a non-trivial Ga/3-y and with 
a finite supersymmetry breaking scale. We derive the resulting effective, global, 
A/" = 1 theory and show that the chiral ring relations are just a consequence of the 
standard Af = 2 supergravity Bianchi identities . We can also obtain models with 
matter in different representations and in particular quiver theories. We also show 
that, in the presence of non-trivial Fais, consistency of the Konishi-anomaly loop 
equations with the chiral ring relations, demands that the gauge kinetic function 
and the superpotential, a priori unrelated for an A/" = 1 theory, should be derived 
from a prepotential, indicating an underlying M = 2 structure. 
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1. Introduction 

In the last year there has been a considerable progress in computing glueball super- 
potentials in A/" = 1 Super Yang-Mills (SYM) theories, as a result of the discovery 
made in |I| that such computations can be efficiently organized by a matrix model 
integral. Whereas the leading planar term of the latter is related to ordinary F-terms 
in the gauge theory, higher genus contributions in the topological expansion of the 
matrix model capture certain generalized gravitational F-terms, originally studied in 
the context of type 11 string theories on Calabi-Yau manifolds [Q, ^. In particular, 
the genus 1 term computes an F-term involving the gravitational background Ga/37 
to which the gauge theory couples. The non-trivial gravitational background is re- 
sponsible for a deformation of the basic chiral ring relation among the gauginos of 



- 1 - 



the A/" = 1 SYM theory, as can be seen by starting from the Bianchi identities of 
A/" = 1 supergravity coupled to super Yang-Mills. This fact plays a crucial role in 
the proof of the identification of the superpotential term proportional to with the 
leading non-planar term in the matrix model integral. 

As for the g > 1 terms however, the generalized superpotentials necessarily 
involve the graviphoton field strength Fap and therefore cannot be understood within 
the framework of A/" = 1 supergravity and the related tensor calculus. In Q 
it has been proposed, with string theoretic motivations, that the basic chiral ring 
relation, stating the Grassmann nature of the gluino superfield W^, is deformed by the 
presence of a non-trivial graviphoton field strength, whereas superspace coordinates 
are unaffected. A different viewpoint has been taken in 0, 0|, where instead the 
Grassmann nature of the superspace coordinates is deformed. 

The aim of this paper is to reconsider the above issue. In we have shown that 
the chiral ring relations one obtains for gauge invariant fields from the deformed chiral 
ring relation {PVq, Wp} = Fa(3+2G ap-yW'^ , can be obtained from the Bianchi identities 
of A/" = 2 supergravity coupled to abelian vector multiplets and spontaneously broken 
by fluxes, in accordance with the open string (gauge theory) / closed string duality. 

We would like to follow the same strategy on the super Yang-Mills side (we 
will discuss also the possibility that this picture may arise from wrapped D5-branes 
effective action). The idea here is to start from M = 2 supergravity coupled to 
vector multiplets in the adjoint representation of a gauge group, that will be taken 
to be U{N) (we will consider afterwards also hypermultiplets in the fundamental of 
U{N)), break it spontaneously to A/" = 1, following the procedure in |10| of gauging 
two commuting translation isometries of the hypermultiplet quaternionic manifold 
S'0(4, l)/5'0(4), and then take a scaling limit that decouples the quantum gravita- 
tional sector and hypermultiplet sector, while keeping a non trivial background for 
Fai3 and 6*0/37 • This involves taking the Planck mass mp to infinity, with finite super- 
symmetry braking scale A and scaling consistently the various fields. The resulting 
theory is an effective M = 1 U (N) gauge theory with a non trivial superpotential for 
the adjoint chiral superfield $, coupled to the gravitational background of F and G. 
Then, starting from the Bianchi identities of A/" = 2 supergravity W^ and expanding 
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around the chosen vacuum we will derive precisely the chiral ring relation mentioned 
in the previous paragraph. However, before claiming that we have obtained the super 
Yang-Mills theory considered in we have to settle two issues: the first is that, 
since our A/" = 1 SYM theory comes from a spontaneously broken M = 2 theory, a 
non-trivial superpotential for $ implies also a non-trivial, ^-dependent gauge func- 
tion, which is related to the superpotential in a specific way, since both are obtained 
from a prepotential. The second problem is that the M = 2 Bianchi identities that 
give the wanted chiral ring relation, also give a relation of the form [PVq,, $] ~ FapW^ , 
i.e. W and $ do not commute in the ring. 

Quite remarkably, the two problems cure each other: $ can be redefined by an 
appropriate shift proportional to W"^ in such a way that it commutes with W . Then, 
after performing the same shift in the effective action, i.e. in the superpotential and 
in the gauge function, one can show that all the non-trivial $ and A dependence 
in the latter cancels in the chiral ring, therefore leaving us with precisely the SYM 
theory considered in 

We should stress here an important result of our analysis: in presence of a non- 
trivial Fapi consistency of the loop equations with the chiral ring relations, demands 
that the gauge function, a priori arbitrary for an A/" = 1 super Yang-Mills theory, 
must be the one given by A/" = 2 supersymmetry. We regard this fact as a strong indi- 
cation that our interpretation in terms of spontaneously broken Af = 2 supergravity 
is the correct one. 

Finally, of course, the underlying M = 2 structure also implies that the adjoint 
scalar superfield comes with a non-trivial kinetic Kahler potential, which gives rise 
to additional non-renormalizable interactions. However, from the point of view of 
M = 1 super Yang-Mills, this is a D-term and therefore is not expected to modify 
the loop equations in the chiral ring coming from the generalized Konishi anomaly. 

The above strategy can be extended to include the case of matter in the (anti- 



)fundamental representation of the gauge group [T^. To cover this case one has to 
add to the previous case hypermultiplets. We start with hypermultiplets parametriz- 
ing the quaternionic manifold U{2,N + l)/f/(2) x U{N + 1) and vector multiplets 



in the [/(I) x U{N) and gauge appropriately the hypermultiplets [113 to achieve 
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super symmetry breaking and f/(A^)-charged fundamental hypermultiplets. In this 
way one gets, after decoupling, an effective A/" = 1 super Yang-Mills theory with 
a trilinear coupling of $ to chiral superfields in the N and N. Again, consider- 
ing the Bianchi identities involving hypermultiplets, one can show that the chiral 
ring relations involving fundamentals are unmodified by the non trivial gravitational 
background. Other gauge groups and matter representations can also be incorpo- 
rated in the discussion. In particular, quiver theories can also be obtained in this 
way. 

An obvious question finally arises, as to whether the above picture can be given 
a D-brane interpretation. In the closed/open string duality of we are deal- 



ing, in the open string side, with D5-branes wrapped on two-cycles inside certain 
non-compact Calabi-Yau manifolds. We have seen, in the field theoretic discussion, 
that what triggers partial supersymmetry breaking is the gauging of two translation 
isometrics in the hypermultiplet's manifold. That is, more precisely, certain scalars 
in hypermultiplets are charged under the graviphoton U{1) and the "center of mass" 
f/(l) in U{N). Whereas the former is a bulk field, it is natural to identify the latter 
with the center of mass degree of freedom of the D5-branes. In fact one can show 
that there is the correct coupling of the center of mass U{1) with hypermultiplets 
from the closed string sector (this was also noticed in [T^). However, due to the 
non-compactness of the Calabi-Yau manifold, the issue of whether there is a gauging 
by the graviphoton is not clear. 

The paper is organized as follows: in section 2 we review the gauging formal- 
ism in A/" = 2 supergravity coupled to vector- and hyper-multiplets and discuss the 
gauging, which gives rise to partial supersymmetry breaking, in the case where only 
U{N) vector multiplets are charged, after taking the rigid limit mp oo. In section 
3 we also explicitly write down the resulting Af = 1 effective action. In section 4 
we include hypermultiplets valued in the U{2, N + 1)/U{2) x U {N + 1) quaternionic 
manifold, discuss their gauging, and the resulting supersymmetry breaking pattern. 
We show that in the rigid limit we obtain the coupling of N and N chiral multiplets 
to the adjoint multiplet $ and to the gauge multiplet W. In section 5 we derive the 
chiral ring relations from the solution of the Bianchi identities of A/" = 2 supergravity 
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of [11] after expanding around the vacuum which partially breaks supersymmetry. 
In section 6 we discuss the generalized Konishi anomaly equations and show that, in 
the presence of F^/j, consistency demands that the gauge function and the superpo- 
tential should both be derived from a prepotential, indicating an underlying Af = 2 
structure. 

In appendix A we explain the conventions and notation we follow for the hyper- 
multiplets, while in appendix B we prove that after the field redefinition for $ the 
gauge function become trivial in the chiral ring. 

2. AA = 2 gravity, gaugings and the rigid limit 

In this section we provide the details of the Af = 2 supergravity coupled with U{N) 
vector multiplets, the gaugings of the vector multiplet manifold and the scalings of 
the fields with the Planck mass to obtain A/" = 1 theory in the rigid limit. The details 
of the Af = 2 supergravity action along with the gaugings of the matter fields were 
developed in a series of works by various authors 0, |l^ |18|, [l^, for the purposes 



of this paper we use the Lagrangian and the conventions of [|rT|]. Partial breaking of 
A/" = 2 to A/" = 1 requires gauging a minimal hypermultiplet manifold by the U{1) 
corresponding to the graviphoton and the overall U{1) 0. For concreteness we take 
the minimal hypermultiplet manifold to be 5*0(4, 1)/S0{A). The theory we discuss 
below is the generalization of the one studied by [jlOl for the case of a U{1) vector 
multiplet. We obtain the rigid limit by scaling the Planck mass to infinity in such a 
way so as to retain a non dynamical supergravity background. This method provides 
a natural way to derive the couplings of the background Af = 2 supergravity fields 
to the matter of the Af = 1 theory after spontaneous breaking of supersymmetry. 

2.1 Field content 

Af = 2 supergravity consists of the gravity multiplet and the matter multiplets. The 
gravity multiplet contains the graviton, two gravitinos V'^, with A = 1,2 and a U{1) 
gauge field called the graviphoton. The matter multiplets are of two types, the vector 
multiplets and the hypermultiplets. We provide the details of this sector below. 

Vector multiplets 
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The scalars of the U{N) vector multiplets parametrize a 2N'^ dimensional special 
Kahler manifold which is specified by following holomorphic section. 

X%z) = i=, Fo{z) = -4= ( 2f{z) - z^^] , (2.1) 



72' ' 72 V dz- 

XHz) = 4 FAz) ' 



V2 ' ' ^ dz' ' 

^ ' 72 ' ^ 72 

Here the z's are complex coordinates with indices i,j which take values from 
1, . . . , (n — 1), while a, h take values from 1, . . . , n and n = N"^, the number of 
generators of U{N). The i,j indices parametrize the SU{N) directions while the 
n index refers to the overall U{1) of U{N). We normalize the Killing metric of 
SU{N) such that Tr(TiTj) = where Tj stands for N x N Hermitian matrices 
which generate SU{N). The last holomorphic section in ( p.l|) is necessary to make 
the structure group of the M = 2 theory U{N). The action of the group U{N) on 
the coordinates is given by 

UzU\ where z = (z% + z""^), (2.2) 



where / is the identity matrix. f{z) is any function which is invariant under the 
action of U{N) on the coordinates z. M = 2 supersymmetry restricts the scalar 
manifold to be special Kahler, therefore these sections must satisfy 

X^5,Fa - Fa9,X^ = (2.3) 

here A = 0, . . . n. It is easy to verify from the ansatz for the holomorphic symplectic 
sections given in ( p.l|) , the above condition is obeyed. The Kahler potential is given 
by 

K = -log^(X*^FA - X^Fl), (2.4) 

= -iog[(/ + n - h^z^ - zmoaf - {dafr)i 

from which the the metric on the manifold is constructed by gab* = dadb*K. 

We now discuss the gauging of the vector multiplet manifold. To perform the 
gauging we need to construct the Killing vectors of the manifold. From the con- 
struction of the symplectic sections in ( ^.1[ ) and the adjoint action of U{N) on the 
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coordinates z"" given in ( p.2|) , we see that the following are the A^^ — 1 killing vectors 
corresponding to the SU{N) subgroup of U{N). 

k% = f^dk, k1*dk. = (2.5) 
k, = k% + kl^dk. 

Here /^^ are the structure constants satisfying 

[T„T,]=2/^.T,, (2.6) 

note that the killing vector satisfies the following commutation relation 

[k„k,] = -/^.k,. (2.7) 

M = 2 supersymmetry requires that the symplectic sections transform in the adjoint 
representation of U{N), this is seen from the following equations 

k1d,X^ = fi,X\ k%F, = -ff^F, (2.8) 

These equation ensures that the following constraints are satisfied 

kjx' = ki:X*' = (2.9) 

The prepotential functions which generate these Killing vectors 

p. = -ik{djK (2.10) 

Given this definition of the prepotential functions, and using ( p.7|) and the fact that 
the Kahler two form is closed, one can show 

g^Mki* - kik^) = fl{Pi (2.11) 

This concludes our discussion of the vector multiplets. The above informations are 



sufficient to write down the explicit Lagrangian, which is given in |11 



Hyper multiplets 

For partial breaking of A/" = 2 supersymmetry it is necessary that that that the 
vectors are coupled to at least one hypermultiplet p. The reason for this is that 
when A/" = 2 is broken to A/" = 1 the massive gravitino is part of a massive spin 3/2 
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multiplet which contains two massive spin one fields. Thus the U{1), corresponding 
to the graviphoton, and the overall U{1) should become massive by Higgs mechanism. 
As the scalars of the vectors are in the adjoint representation, there must be at least 
two scalars from the hypermultiplet sector which are eaten up by two C/(l)'s. Thus 
we have the condition that there must be at least one hypermultiplet and at least two 
U{1) translational isometries of the hypermultiplet manifold which provide the Higgs 
mechanism. To be specific about the hypermultiplet manifold, we choose to work 
with the minimal model, which has a single hypermultiplet parametrizing the coset 
SO{4:, l)/SO{4:) 1 using coordinates 6", ii = 0, 1, 2, 3. As 50(4, l)/-SO(4) is Euclidean 
AdS^ the metric on this quaternionic manifold can be chosen to b huv — {^YSuv- 
We choose the SU{2) connection lo^ on the quaternionic manifold as 

= uldb^, ul = y^S: (2.12) 

where x — 1,2,3. The quaternionic potentials is given by the field strength of the 
SU{2) connections, they are given by 

= A db" = do;^ + -e^^^a;2/^^ (2.13) 

QX _ ^ Qx _ ^ xyz 

2(60)2^' y'~2{Wf 

To gauge the hypermultiplet manifold we need to introduce the corresponding 
Killing vectors. We choose to gauge the hypermultiplet manifold by two translations 
corresponding to the U{1) of the graviphoton and the overall U{1) of the structure 
group U {N). The Killing vectors and the triplet of prepotentials V\ generating them, 
are given as follows 

A^o =^?i5"'+^?25"', K = 93S''^ (2.14) 
^o=^M'' + ^2n, K-93^S^\ x^ 1,2,3 

It is easy to check that the prepotentials and the Killing vectors satisfy the Poisson 
bracket condition for abelian gauge groups, given by 

^IrkoK - l^^'^nK = (2.15) 



^In the next section we will generalize our discussion to the manifold U{M, 2)/U{M) x U{2) 
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To summarize, we have the following field content, M = 2 gravity multiplet, 
M = 2 vector multiplet gauged under the group U{N) and a hypermuliplet charged 
under the U{1) corresponding to the graviphoton and the overall U{1) of U{N). For 
future reference we write down the general form for the scalar potential which arises 
due to the gaugings of the vector multiplet manifold and the hypermultiplet manifold 

V{z, z, h) = [(^?afe*fcAfc|* + ^K.km;) L'-L^ (2.16) 

Here = e^^^X^ and = {da + \daK)L^. Note that every term in the scalar 
potential depends either on the moment maps or the Killing vectors. 

2.2 Planck mass scalings 

To obtain the rigid limit we need to take the Planck mass ntp to infinity. In this 
section we detail the Planck mass scalings of all the quantities involved in the M = 2 
action, so that we can obtain the effective field theory in rigid limit. The fields 
and the coordinates of the M = 2 supergravity action as written in []TT| are all 
dimensionless. To restore the canonical dimensions of the coordinates they are scaled 
as — i> nipX^, while the supersymmetry parameter or the superspace coordinate is 
scaled as e"^ — -Jm^e^. We follow a similar procedure for all the quantities in the 
Lagrangian. First we discuss the scalings involved in the geometry, for the function 
/ in ( ^.1[ ), following |]TU| we assume the following scaling form 

i{z) = \^—z-^—^<l>{z) (2.17) 

2 Vflp TJlp 

here the scale A will be shown to be the supersymmetry breaking scale subsequently, 
(j) is an U{N) invariant function of z*. Note that the linear term is a function only 
of z"". The sections X* and Fi are scaled as 

X' ^ —X\ F, ^ ^F, (2.18) 

With these scalings for the holomorphic sections and / given by (p.l7|) we write down 
the scaling form of the following geometric quantities, which will be repeatedly used 
in our analysis 

^^K = (hd,<P + d,*<P*) -hz^- z^)d,daA + O(^), (2.19) 

\2 2 J 
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Note that the scahng behaviour of diK and the Kahler metric is consistent with 
equation ( |2.11| ) relating the KiUing vectors to the prepotential. The couphngs of the 
hypermultiplet to the ?7(l)'s are scaled as follows 

A2 A2 A , , 

9i = —i, 92 = — e, 93 = 2— m 2.20 

rup 

We now go over to discuss the scalings of the fields. We scale the J\f = 2 
gravity fields so as to retain a non-dynamical gravity background while the gravity 
fluctuations are scaled so that they decouple from the matter sector in the rup oo 
limit. Thus the resulting theory has only global supersymmetry, but it is coupled to 
the M = 2 gravity backgrounds. The fields of the gravity multiplet scale as 

ya ^ yail^ ^ ^^ya^ y ^ + 1_5T^^^ (2.21) 

^ rUp ^ rUp ^ nip 

V '"'P nip 

Here stands for the vielbein, T^^, refers to the graviphoton field strength and "^Afi 
refer to the two gravitinos of the M = 2 gravity multiplet. Note that the ratio of 
the fluctuations to the background is suppressed by l/nip. As a simple example for 
the decoupling of the matter sector from the fluctuations of the supergravity field, 
consider a minimally coupled scalar whose kinetic term is canonically normalized. It 
is easy to see then that the interaction with the fluctuation of the metric is down by 
a factor of l/m^. 

In the matter sector, the vector multiplets scale as 
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where is the gauge field strength and are the two gauginos. These scahngs 
ensure that the kinetic terms for the gauginos and for the gauge fields are canonically 
normalized. We do have to scale also the scalars of the vector multiplets by 2; ^ 2;/A, 
in order to canonically normalize their kinetic term, however for convenience we will 
reserve this for section 2.4. However there are terms in the Lagrangian which couple 
the gravitational backgrounds of ( p.21| ) to the matter sector and survive the rUp 00 



limit. Though we will not keep track of these terms explicitly, we will incorporate 
them in the analysis of chiral ring equations in section 5. 
Finally the hypermultiplets scalings are given by 

mp nip rUp' 

Note that the couplings of the hypermultiplets to the vectors is dictated by the 
charges which are scaled as in ( p.20| ). This and the above scaling for the hypermul- 
tiplets ensures that and 5b^ decouples from the dynamics, b^^^^ is the background 
value which enters as a coupling constant in the decoupled theory with global super- 
symmetry. 

3. Partial breaking of J\f = 2 in the rigid limit 

In this section we look for vacua with A/" = 1 supersymmetry in the rigid limit. 
In the rigid limit since fiuctuations of the graviton and the hyperino decouple it 
is sufficient to study the supersymmetry transformation of the gauginos and look 
for vacua which preserve a single supersymmetry. As we mentioned before we will 
not keep track of the gravitational background couplings to the resulting A/" = 1 
theory in the Lagrangian but will include them in the analysis of the chiral ring 
relations in section 5. In fact including the gravitational background couplings makes 
it extremely cumbersome to write a compact form for the Lagrangian, without them 
can summarize the resulting Lagrangians compactly in A/" = 1 superspace. 

To analyze the supersymmetry of the vacuum we study the gaugino shifts which 
are given by 

6X^^ = W^^^r]B + ... (3.1) 
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There are other terms in the supersymmetric variation of the gauginos which rep- 



resent the dots. But the terms exphcitly written down in ( |3.1| ) are alway present 
irrespective of which gravitational backgrounds are turned on, therefore they dictate 
the number of supersymmetry preserved at various vacua. Substituting the scahngs 
of all the fields in the above expression we obtain 

5\^^ = Kh^^^f],z'^-z^r^B (3.2) 
1 

1 

where in h'^^'> we have suppressed the superscript to indicate the background and we 
have defined 

T{z)=i{z''f -2i(P{z), (3.3) 
rij{z) = Ti{z)ij + iT2{z)ij = didjJ^{z) 

Now it is easy to see that we have a vacuum with M = 1 supersymmetry. Consider 
the following vacuum values 

2;' = 0, Tij=\ hz| — = 0, Tnn = 'ri\ — \ (3.4) 

\ m m J mm 

For these values of the scalar field the shifts on the gauginos reduce to 

5\^' = 0, (3.5) 



From this it is clear for the vacuum (|3.4| ) there is one unbroken supersymmetry as 
the shift on the gaugino A"^*^ has one zero eigen value. Also note that the scale of the 
supersymmetry breaking is controlled by A. Due to the gauging of the hypermultiplet 
manifold and the vector multiplet manifold, there is a potential for the scalars of the 
vector multiplet which is given by ( |2.1(j| ). The leading term in the potential which 
will contribute in the oo limit is given by 

.A^ /I 



V{z) = g'—, [ -^r,,,fUz-fi^z--z^ (3.6) 
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--,Ue + e' + ^m^) 

The rrip dependence in the scalar potential cancel in the Lagrangian as the coordinate 
X is scaled to a; — > niyX. The first term in the scalar potential arises from the first 
term of ( 2.16| ), it corresponds to the scalar potential arising due to the D-term of a 
rigid M = \ theory. The second and third terms of ( |3.6| ) are due to the coupling of 
the vectormultiplet manifold to the gaugings of the hypermultiplet manifold. These 
terms are obtained by substituting the apropriate scalings in the third term of the 
potential in ( p.l6|) . The constant contribution to the scalar potential in (|3.6| ) in 
obtained from the rigid limit of the second and the last term of ( |2.16| ). It is also easy 
to see that the the vacuum ( |3.4| ) is the minimum of the above scalar potential. The 
minimum value of the potential is infact not zero but is given by 

Knin = g'^i^irn -e-e'- Am'), (3.7) 

thus it is clear that the vacuum (|3.4|) does not preserve 7V^ = 1 supersymmetry in the 
fluctuations of the gravitational sector which are decoupled. However the gravita- 
tional backgrounds do transform into each other under the full M = 2 supersymmetry 
transformations. This is because the constants shifts of the gravitinos are suppressed 
with respect to the variation of the backgrounds by l/rrip, which is the same ratio of 
scales between the background and the fluctuations. In the subsequent discussion, 
as we will be interested in the rigid limit we will, neglect the zero point energy p.7| ) 
and will set the background moduli W = 1. 

3.1 Structure of the theory about the = 1 vacuum 

To study the structure of the low energy theory which is obtained at the Af = 1 
vacuum we will first evaluate the mass matrices for the fermions and show that half 
the fermions are massless and half of them are massive. Thus the gaugino of the 
Af = 2 vector multiplet splits into the partner of the Af = I gauge multiplet and 
a massive Af = 1 chiral multiplet in the adjoint representation. The masses of the 
fermions are extracted from the term AiaAbB^^^^^^ where 

MaAbB = I {eAB9aa.Kft + ^^^A^^CbV^V aft) (3.8) 
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The A/" = 1 vacuum preserves the U {N) gauge symmetry thus the expectation valued 
< >= 0, which enables us to drop the first term in ( |3.8| ). To evaluate the second 
term in the mass matrix we need the Christoffel symbols of the vector multiplet 
manifold at the Af = 1 vacuum to the leading order in A/ nip. Using the scaling in 
( |2.19| ), the non vanishing Christoffel symbols to the leading order in A/rrip are 

Kb = -rrdadbdncf> (3.9) 



Substituting this and using the scaling of (|2.17|) and ( p. 201) we obtain 

A3 1 

MaAbB = ^ — 7= eAcm{a^ + i(T^)Bdadbdn(p\^a-. (3-10) 

The TUp scaling of the fermion mass is such that the mass term AiaAbB 
like A/rrip, which is the right scaling so that it survives in the — ^ oo limit. The 
fermion mass is proportional to A, the supersymmetry breaking scale as expected. 
Now it is easy to see that this mass matrix has A^^ zero eigenvalues, the corresponding 
gauginos being members of the M = 1 gauge multiplets. The A^^ non-zero eigenval- 
ues, give mass proportional to dadhdncf) to the fermions which are part of the M = 1 
chiral multiplets. Thus from ( |3.1U[ ) we see that the fermions A*^ are the gauginos and 
A*^ are the fermions of the chiral multiplets which become massive. 

The structure of the N = 1 theory will be dictated by the superpotential for 
the chiral multiplets and the gauge function. Since the A/" = 1 theory is obtained by 
spontaneously breaking Af = 2 the gauge function and the superpotential are closely 
related, both of them are derived from a prepotential. We will see how this happens 
for the theory we are discussing at the Af = 1 vacuum. We organize the expansion 
of the scalar potential in ( |3.6| ) around the the vacuum in ( |3.4D using the following 
form for the expansion of the gauge function 

T,, = f-- + ^|-|Vi^+<' (3-11) 

Tin = diW, 

e C. 

Tnn = h — \ + dnW 

m m 

This parametrization of rj„ and x„„ can always be done because of its definition ( |3.3| ) 
with W = dnfF. Substituting this form into the expression for the scalar potential 
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in ( p.6|) we obtain 

V{z) = g'^^ (^^T^,,fl^z'z^fi^z^-z^ + mVf *9.W(9,W)*) + Knin (3.12) 
Before we go ahead we will fix the factor g that appears in the scalar potential. From 



[ p!T[] we see that covariant derivatives of the scalar fields z are given by 



dz' + gA^k\{z) = dz' + gjfA'fl^z^ + ■■■ (3.13) 

= ±{dz^ + g±A'fl^z^ + ---) 
trip y/2 ■' 

Here we have expressed the field in terms of the gauge fields A^ and the gravipho- 
ton which are represented by the dots. In writing this equality we have ignored the 
contribution to the covariant derivative from the graviphoton as the first term is suf- 
ficient to fix the factor g. The second equation in ( |3.13|) is obtained by substituting 
the required scalings, now it is clear that g = \pl is a convenient choice so that we 
obtain the standard commutator term without extra factors. 

We now detail the structure of the M = \ theory. From the scalar potential we 
see that the M = \ theory has a superpotential mW, a nontrivial gauge function r 
and a nontrivial Kahler term with a non trivial metric for the scalars also given by 
r. To arrive at the M = \ theory with a polynomial superpotential we choose the 
following prepotential. 

= (-- + i|i|)lV<|l+^' 

m m I 

Here z refers to the N x N matrix given hj z = -^I + z*Tj. We have chosen the 
prepotential so that it satisfies the condition that, at 2;" = 0, one has the required 
vacuum values as in ( [3.41 ). Thus from comparison of the expansion in ( |3.11| ) and the 
scalar potential in (|3.12|) the superpotential is given by 



i:^..Tr(.-). 

k=i 



k=l 

P 

m 
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In the second equality we have absorbed a factor of vA^ by the redefinition m = 
ifiy/N for convenience. The gauge kinetic function is given by 

r., = (-- + + dijJ^', (3.16) 

mm 

T- = d- T' 

m m 

Again from the expansion of the scalar potential we see that the Kahler metric for 
the scalars is given by r2jj/2 

Finally, before writing the resulting action in superspace we will restore the 
canonical dimension of the scalar field z by scaling z ^ zj K and as a result given 
dimensions to the couplings in the superpotential. To extract the canonical dimension 
of the superpotential, one scales W — > W/A'^. Doing this would require the scaling 
of the couplings h.^^'^gk-, this ensures that that the scaled superpotential is 

given by ( p.l5| ) with the understanding that the field z and the couplings have the 
appropriate dimensions. However, the gauge kinetic function contains one more 
derivative with respect to z, and therefore performing the same scaling of z and the 
couplings in the gauge kinetic function we obtain the following scaling forms 

= (-- + + ^^di,r, (3.17) 

m m A'^ 

T- = —d- T' 

r = -— — I + —d T' 

I nn ^ ^ I I ^ AO ^nn'J 

m m h.^ 

Note that if one is interested in the dynamics of the theory at scales much smaller 
that the supersymmetry breaking scale A we obtain a A/" = 1 theory with a trivial 
gauge kinetic function and a trivial Kahler metric for the scalars leading to theory 
discussed in . We summarize the M = \ theory obtained from partial breaking of 
A/" = 2 in superspace. 

S=-\\ d^f^ra^W'W'' + \ d^ey^{^) + ^Kahler, (3.18) 



K{Z, Z)='- [z^'da.T - rdaJ') 
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Here the Kahler potential is of dimension 2 and we have used the scaled z and the 
scaled couplings. This is the non-Abelian generalization of the M = \ model obtained 
by 1^ for partial breaking in rigid M = 2 theories. 



4. Partial breaking with hypermultiplets in the rigid Umit 

As we have seen in the previous section we need at least one hypermultiplet in the 
hidden sector in order to break M = 2 supergravity. The low energy theory in the 
rigid limit was = 1 with an adjoint chiral multiplet. In this section we would 
like to generalize the discussions of the previous section to obtain chiral multiplets 
charged in the fundamental representation of the gauge group in the rigid limit of 
spontaneously broken Af = 2 supergravity. We will discuss the case of obtaining 
chiral multiplets charged in the fundamental of U (N) in detail and then outline the 
case for other representations. 

We discuss the field content and the gaugings necessary in detail. We start with a 
n+1 dimensional special Kahler manifold for the vector multiplet. The holomorphic 
sections on this manifold is given by 

A-W^^. FoW^--L(2/W-.«^|M|, ,4,, 



M^) = 


-71 (^^' 


H^) = 


I df{z) 


v/2 dz' 




V2- 



Note that, other than for the inclusion of an additional coordinate, this holomorphic 
sections is similar to ( |2.1| ). Here i,j take values from 1, . . .n, and a takes values from 
1 to (ra + 1) = m. The i,j indices parametrize the U{N) directions, with n = N"^, 
while the m th direction corresponds to an additional U{1). Thus we start with 
the gauge group U{N) x f/(l). We need this additional U{1) as it is not possible 
to obtain hypers with respect to the single U{1) for JV = 1 obtained by partially 
breaking Af = 2 p2[. Thus we need an additional U{1) to provide U{1) charges 



for the hypers. In the spontaneously broken theory the U{1) responsible for the 
gauging which partially breaks the supersymmetry will be decoupled. The action of 
the group U{N) on the coordinates z^ is the given by U{z^Ti)U\ here Tj stand for 
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the the N x N Hermitian matrices which generate the full group U{N). The section 
( [4.1| ) satisfy the special Kahler condition given in ( p.3[ ). The Kahler potential and 
the Killing vectors are given by similar equations as ( p.4|) and (|2.5| ), except that the 
structure group is U{N) and the coordinates k run from 1 to A^. 

To obtain matter in the fundamental representation of U{N) it is convenient 
to take the hypermultiplet manifold to be the following homogeneous, symmetric, 
quaternionic manifold 

U{2) xUiN + 1) ^ ^ 

This manifold has dimension 4(A^ + !)• Indeed we need one additional hypermulti- 
plet to play the role of 5*0(4, 1)/S0{A) of the previous section, this is the minimal 
requirement for spontaneous breaking of A/" = 2 supergravity, however here the hy- 
permultiplet is non-trivially embedded in Ai. We parametrize this coset manifold 
using the following (3 + A^) x (3 + A^) matrix 



1 + ggt q \ [ ri q 



here g is a 2 x (A^ + 1) matrix with complex entries. We label the entries as g"^", A 
running over 1, 2 and u running over 1, . . . m. Note that this parametrization ensures 
that C satisfies 

CVtC'^ = Q, (4.4) 

V l(Af+l)x(Af+l) 

From this parameterization, the coset vielbein E, the U{2) connection 6 and the 
U{N + 1) connection A are given by 

E = Tidq — qdr2 = dq — -qdq^dq + 0{q'^), (4.5) 
9 = Tidri — qdq^ = -^{dqq^ — qdq^) + 0{q^), 
A = r2dr2 — q^dq = ^{dq^q — q^dq) + O(g^) 

The metric on the quaternionic manifold M. is given by 

ds^ = E'^ ®E = dqUq - ^ [qUqqUq + dq^qdq^q) + 0{q^) (4.6) 
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We have written down the expansion in powers of q as it will be useful for us later, 
in taking the nip — > oo limit. The HyperKahler 2-form and the SU{2) triplet 
1-forms are given by 

K"" = ^Tt{E^ a a-'E), w'-" = -^Tr(^(T^) (4.7) 

where refers to Pauli spin matrices. We denote the vielbein 1-form as U^°'\ where 
we have split the Sp{2N + 2) indices as ai with a = 1,2 and i = 1, . . . N + 1. The 
components of the vielbein 1-form are defined by 

U^^' = U^^'dq^'' + U^l'df, (4.8) 

We now write down the Killing vectors corresponding to the isometries of the 
manifold Ai. For every element g G u{2, + 1), the Lie algebra of U{2, + 1), the 
following action is an isometry 

- (^f ^ + a^)^ = 9^' (4-9) 
where g G u{2,N + 1). Wg G ^(2) © 'u(m) is the right-compensator, which depends 



on g and is needed to keep 5C in the form of ( ^4.3| ). g and Wg are parametrized by 



^= (fotc) ^«(2'^+l)' (li'^J en(2)®«(iV + l) (4.10) 

with a and b anti-hermitian matrices. Expanding ( [4.9|) out we get 

6q = aq + br2 — qc — qw2 = aq + rib — qc + Wiq, (4-11) 

Wi=q + Wi, W2 = C + W2 

To leading order the solutions for w 's in terms of g is is given by 

^1 = ^{bq^ - qb^) + 0{q'), W2 = ^{b^q - q^b) + 0{q^) (4.12) 
Using all this killing vectors to the leading order in q for a given g is given by 

^^» = K)^"^ + (^W^^, (4.13) 



QqAu V ^ QqUu-' 
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where we have used the subscripts to denote the entry of g. Therefore KiUing vector 
for the group element g is given by kg — ka + kc + kf,. Prom the KiUing vectors is 
easy to compute the moment map, which is defined by the equation 



(4.14) 



Prom the fact that the curvature of the SU{2) connection is proportional to the 
HyperKahler structures, we can solve the above equation by the ansatz 



' 9 



-Tr 











L-'gL 



(4.15) 



0(Ar+i)x(Ar+i) 

Por later convenience we write down the leading contribution to the moment maps 
from a, h and c of the isometry g. 



(4.16) 



7': = -Trf(7^a+y(ggta + aggt) 

VI = -^Tr (a^gftt - a%q^) , 

VI ^-)^ {a^qcq^) 

We now give the two commuting matrices, which belong to the Lie algebra 
u{2,N + 1), which are the generators of i?^. We will gauge along this isometrics 
to break supersymmetry. These Killing directions function as the two translation 
isometrics of the minimal hypermultiplet manifold 5'0(4, l)/5'0(4) that we used in 
the previous section to break supersymmetry. 

/ 



90 



i 

2 

'■2 2 



'2 2 
S 

2 



2^2^ 



-e - 




2^0 



^(e + 2.O0 



\ 







(4.17) 



MInxn J 



9n+l 






im 


m 
V2 





im 





m 
V2 





in 


in 










V2 















V 



Here the parameters ^, e, m are real, and it is easy to see that these isometrics com- 
mute. Both of them contain a non zero b component, thus they generate translations 



- 20 - 



also, these isometries are used to break supersymmetry. The remaining isometries, 
which ensure that the hypermuhiplets surviving the supersymmetry breaking in the 
rigid hmit are gauged with respect to the U (N) gauge fields, are given by 

/O ••• \ 
■ ■■ 
••• 



9i 



y 



(4.18) 



iTl^^^J 

here T* are N x N Hermitian generators of U{N). 

We provide the various scalings necessary in order to obtain A/" = 1 supersym- 
metry in the rigid limit. The scalings of the vector multiplet manifold are given 

by 



1 A 

f{z) = - + —z^ + —<P{z,z^' 



rrir. 



m. 



(4.19) 



A 



p 



nip 
A 



The gaugings in ( [4. 171) are scaled as follows 

. ^\ A 
4 —4, e — e, m — m, M 

rrip 



Am 

rrir, 



(4.20) 



The gravity multiplet and the vector multiplet scale as in ( p. 211) and (p.22|) respec- 
tively The hypermultiplet fields scale as 



nir. 



-q" 



1 



3/2 

nip 



(4.21) 



where we denote by ( the hyperinos, partners of the g's. The supersymmetry varia- 
tion with these scalings are given by 

1 

,A3 



6X 



Ai 



(4.22) 



B 



0( 



rrir. 



= -lV2AhcArricT^.)J' {K^a.n. + 2V:^fa.n.) + 0( — ) 



rrir. 



It is clear that we can still choose the vacuum values for the vector multiplet moduli 
to be given similar to ( |3.4| ). 

(4.23) 



e . ^ e . ^ 

) '^ii ( ~l~ ^ I I ) '^j 7 5 Tim , Tmm ~l~ ^ I I 

mm mm 
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Substituting these values in the first equation of ( 4.22|) we see that variation (5A^* = 0. 
To see the reduction of supersymmetry down to A/" = 1, we consider the last second 
equation of ( [4. 221) , after substituting the values of the moment maps, we see that 
the only contribution comes from P^, the others being suppressed by l/nip. The 
variation is given by 

5A^" = V2A^eAcm{^' + ^cT^)J'v'' (4-24) 

Therefore we see now that this vacuum has one unbroken supersymmetry. 

We expand the theory around this vacuum and write down the structure of the 
resulting A/" = 1 theory. The leading terms in the scalar potential, which survive in 
the rigid limit is given by. 

V = g\V, + V2 + Vs + V,), (4.25) 



Vi = 


A" 




+ 


nn 
'2 


/^x2 , afe/e m e m \ 
1 2'' ' '2 12 '*™"'" 2 "™'"^2 ™ 2 / 


V2= = 


1 


^r^^Tr(a-gT,gt)TrKgT,gt) 


+ 


m4 




+ 




-rt {Tma + fma) Tiia^Tiq^) 



A2 

V3 = — (2Tr(gM2gt) + 2TT{qMTiq^){z' + z^)) 



m4 



Note that the first hypermultiplet, q^^, is massless, and it does not contribute to 
the scalar potential. Thus it plays the same role as the modulus bo in the discussion 
of the previous section. We now expand this potential around the minima (|4.23| ), 
adopting the same form for the expansion of the gauge function as in ( p. 11 ) 

Tij = i-— + t\ — \)5^j + T^j, Tim = diW, Tmm = -—+t\ — \+dmy^, (4.26) 

mm -' mm 

Substituting these expansions in the scalar potential (|4.25|) we obtain 

A / 1 m \ 

Vi = i—r [jr,,,fL-^'z^rnpZ-z^ + 2me + (-)V2"^*9,W(9,W)* j , (4.27) 
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V2=—, {-A\q'T,q' - q'%q'^f + {q'T,q'){q'%q^^) 
nip \4 



A2 

V3 = — (2M^q^'*q^' + 2M^q^'*q'^' + 2(q^MTiq^^ + q^^ MTiq^Mz' + z') 



+ 2q'{T„T^}q'h'z^ +2q''^{Ti,T,}qh'z^) 

Here we have split the M = 2 hypermultiplets into two M = 1 chiral multiplets 
thus if q^ transforms in the fundamental representation of U{N) q^ trans- 
forms in the anti- fundamental representation of U{N). It is clear from the structure 
of the terms in the scalar potential in (|4.27|), this transformation property of the 



hypermultiplets is obeyed. 

Using the fact that we have M = 1 symmetry and the information from the full 
scalar potential, we can write down the action for the spontaneously broken theory in 
a manifestly M = 1 invariant way, i.e. in superspace. For a theory with a polynomial 
superpotential for z we choose the following prepotential 



+ ^|-|)Tr^ + fl TT^9',Tr{z') (4.28) 
m m 2 ^-^ A; + 1 

fc=i 



The prepotential in ( |4.28|) satisfies the condition that at one has the required 



vacuum values as in ( [4.23| ). We can also consider adding a term independent of z^ 
in the above superpotential, but we will restrict ourselves the the form in (|4.28| ). 
The superpotential is given by W = yS^jF. Now in addition to performing the 
similar scalings as in section 3, to restore the canonical dimensions of the scalars z 
and the superpotential we have to redefine M Mj k. As in the previous section 
it will lead to a theory with a superpotential independent of A but with a non- 
trivial A dependent gauge kinetic term and a Kahler term for the scalars. Using 
the scalar potential in ([4.27| ) we can summarize the resulting theory in A/" = 1 



superspace language if we set the background M = 2 supergravity fields to zero for 
convenience. The M = 2 vector multiplet breaks up into a A/" = 1 gauge multiplet W 
and a massive M = 1 chiral multiplet $ in the adjoint representation of U{N). The 
M = 2 hypermultiplets break up into two A/" = 1 chiral multiplets Qi and Q2 in the 
fundamental and anti- fundamental representation of U{N). The A/" = 1 superspace 
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effective action, obtained from spontaneously broken M = 2 action, is given by 

S = 5'potcntial + "^Kahlcr + "^Gaugc + 'S'Hyper; (4.29) 
^Potential = J d^O (Tt{Qi^Q2 + + Tt{QiMQ2)') , 

^Gauge = j d'9rati<^,<^r )W^W\ 
^Kahler = j d'9)C{<!>, <!>m; <^l) 

Snyper = J d^e{Q\Qi + QIQ2) 

Note that a, b run over 1, . . . + 1, which include the U{1) gauge multiplet under 
which the chiral multiplets Qi and Q2, in the N, N of U{N) respectively, are not 
charged. We have also explicitly indicated the dependence of the gauge function r 
and the Kahler kinetic term on the chiral multiplet corresponding to z^, the Kahler 
metric is given by Tat- The kinetic term for the hypermultiplets is the standard one 
as in the nip — > 00 limit the metric on the quaternionic space is flat ( [4.6|) . It is clear 
that the superpotential does not depend on $m for the choice of the prepotential 
given in ( [4.28| ). Note that in the superpotential chiral multiplets coming from the 
hypers couple to those from the vectors only linearly. This is a consequence of the 
fact that this theory is obtained from M = 2 theory. 

Although in this section we have focused on obtaining chiral multiplets in the 
fundamental and anti-fundamental representation of U{N) gauge group, the gener- 
alization to arbitrary (complex) representation is straightforward ^. Indeed, for an 
i?-dimensional representation of U{N), we can start with the quaternionic manifold 
U (2, 1 + R)/U{2) X U (1+-R) for the hypermultiplets. The gauging now is done exactly 
as above with the representation matrix T^xtv eq.( |4.18| ) for replaced by rep- 

resentation matrices T^xij- Since the representation is unitary it is clear that T^^/j 
are in the Lie algebra of U{R). Furthermore, if the representation R is reducible, 
then we can include different masses for different irreducible factors in the equation 
( [4.171) for go. The rest of the analysis goes exactly as above leading upto the Af = 1 
action ( [4.29|) , where now $ appearing in the term Qi^Q2 is in the i?-dimensional 
representation. 

^The resulting models are always vector-like, i.e. if a chiral multiplet transforms in a complex 
representation then there is another chiral multiplet in the complex conjugate representation. 
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Generalization to other gauge groups is also straightforward. For a gauge group 
G one starts with a symplectic section (X'^, Fa) exactly as given in ( [4.1| ) with 
n = dim(G). The Kahler potential and the Killing vectors are the same as in eqs. 
( p.4| ) and (p.5|), except that the structure group is G and the indices k run from 
1 to dim(G'). One can also get matter in arbitrary unitary representation R of group 
G by starting with the quaternionic manifold given in the previous paragraph and 
replacing T*'s by the corresponding representation of G. In particular we can get 
quiver theories by choosing G to be the product of Y[a=i ^i^a) modulo the center 
of mass U{1) (the role of the center of mass U{1) is played here by one of the f/(l)'s 
which gauges a translational symmetry under which the remaining hypers are neu- 
tral). We can get the bi-fundamental chiral fields by gauging a suitable quaternionic 
manifold. For example, for Ak quiver theory, we can choose the quaternionic mani- 
fold U{2,n + l)/f/(2) X U{n + 1) with n = Yla=i^aNa+i and gauge in an obvious 
way by means of suitable representation matrices T*. In fact, the example discussed 
in detail in this section, is an example of A2 quiver theory with the gauge group 
U{N) X f/(l), where the center of mass U{1) is the extra U{1) that gauges one of 
the translational symmetries of the hypers. 

5. Chiral ring relations from J\f = 2 

In this section we derive the chiral ring relations from the solutions of the Bianchi 
identities of A/" = 2 supergravity. We look for the appropriate solutions of the Bianchi 
identities from |]TT| and expand them around the vacuum which partially breaks 
supersymmetry, retaining the relevant M = 2 gravity backgrounds. Our discussion 
will be focused on the case of A/" = 2 gravity coupled to U (N) vector multiplets along 
with the minimal hypermultiplet responsible for partial breaking of supersymmetry, 
this was the case discussed in section section 3. We will briefly indicate the derivation 
of the chiral ring relations for matter in the fundamental representation. 

Before we go into the details, we will first indicate the strategy followed in 
deriving the chiral the ring relations. Consider a A/" = 2 chiral superfield V^'^^'^^'"\ 
here the symbols (Mi, M2, . . .) refer to the either internal symmetries or to bosonic 
and spinorial indices in superspace. We obtain relations in the chiral ring of A/" = 1 
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super symmetry by considering the following D exact quantity 

Here the 1 in superscript of the covariant derivative refers to the unbroken M = 1 
super symmetry. To write down the above equality we have used the fact that the 
superfield V is chiral, thus the commutator of the covariant derivatives in can 
be set to zero in the M = 1 chiral ring. From the definition of covariant derivatives 
in superspace we have the following 

{VnVo - (-l)"°Po^^Jv)^^^^'^^'-^ (5.2) 

Thus the above combination of torsions, curvatures acting on a chiral superfield 
vanishes in the chiral ring, providing the relation we are looking for. To make our 
job simpler we will actually look at the commutator of covariant derivatives acting 
on the bottom component of a A/" = 1 superfield and then promote the identity we 
obtain to a A/" = 1 superfield relation. To evaluate the torsion and the curvatures 
involved in identities like (|5.2|) we appeal to the solutions of the Bianchi identities 



found in |TT|. Consider the following Bianchi identity 

here V^^ is a superfield valued form in A/" = 2 superspace, V is the covariant deriva- 
tive. Given a set of vielbein's in A/" = 2 superspace we can expand the covariant 
derivative as V = E^^Vm-, where E^^ are the supervielbein's in = 2 superspace. 
For example the ^ = components of the supervielbein in A/" = 2 superspace can be 
chosen to be E'^'^ = {V^dx^ ,ip^dx^ ^ipfj,Adx^). ^ In ( p.3[ ) the curvature R^^ is a two 
form valued in superspace. Expanding the left hand side in fiat indices we get 

= V(E^P^y^O, (5.4) 

= E^v(p^y^) + v(E^)p^v^*^ 

= E^E^VqVnV^' + T^VnV^ 



^We have followed the notation of to indicate the chiralities of the spinors. For the gravitinos, 
-0^ is antichiral and tj^A is chiral. 
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Note that in the last equahty in the above equation one has the torsion piece and the 
commutator of the covariant derivatives. We can obtain the commutator relevant to 



( |5.1|) by looking for specific components in the above equation, namely we look for 
components with one spatial index, the aa component and one antichiral index in 
the M = \ superspace. The equations (A. 6) to (A. 18) along with (A. 26), (A. 27) and 



(7.58) of [|TT| provide the information of the curvatures in ( ^.4|) , while the torsions 



can be read from equations (A. 23) and (A. 24) and (A. 25). 

We will now show how this procedure works in detail. Consider the following 
Bianchi identity obtained in |]lTI 



\/^z' = g{F^- L^iJA A ^Be^^ - L^^^ A k\{z) (5.5) 

where is thought of as zero form in A/" = 2 superspace. Expanding the left hand 
side in terms of flat space derivatives we obtain 

V^z' = E^^E^VnVmz' + T^^Vmz' (5.6) 

The first term in the right hand side of the above equation is the commutator of 
the covariant derivatives. We need to look for indices with either M or N being 
the equal to the one spatial index and one anti-chiral spinorial index in the Af = 1 
superspace, to obtain the commutator of covariant derivative in (|5.1|) . Now consider 



the torsion term in (|5.6| ), from [|TT| equation (A. 23), we see that a torsion with bosonic 
component vanishes, therefore M must take values along the spinorial directions, this 
allows us to write the torsion contribution as 



T^Vmz' = paV'z' + p^'Vaz' (5.7) 



From the equation 



Vz' = Z'^V + X^iljA (5. 



we see that the second term of ( |5.7| ) drops out, as the covariant derivative of does 
not have any component in the anti-chiral directions. The component of the torsion 
relevant for us is 

PA = [igSABVab + eAB{T-, + f/+)] 7^"" A V^'^ + . . . , (5.9) 



-27- 



Now we look for the components which contribute from the curvature on the right 
hand side of ( [5.5| ), again the component relevant for us is 

= (z//^Y^7,^^eAB) AV'' + ... (5.10) 

Equating the coefficients with one anti-chiral spinor index and a spatial index of ( |5.5| ) 
and ( ^.61) , we obtain 

igffX'^laeABk\ = [igSABVai, + eAsiT;, + [/+)7'') + [Vb, Va]z' (5.11) 

To extract the commutator in (|5.1| ) we need to consider the the anti-chiral spinor 
index to be that which corresponds to the unbroken M = 1. From the breaking pat- 
tern discussed in section 3, this supersymmetry corresponds to -B = 1. Substituting 
the fields, including the Af = 2 gravity backgrounds and the scalings involved in 
obtaining the rigid limit, we obtain 

T-,y' = ^^'laf]l^ (5.12) 

As we have seen from the calculation of the mass of the fermions in the spontaneously 
broken theory in ( p.lOj ), the gauginos of the M = 1 theory correspond to A*^ which 
we denote by A*. Thus the above equation reduces, after a conjugation and some 
gamma matrix manipulation to 

^f]kK^ = \t-p^'' (5.13) 

or in matrix notation to 

[K,z\ = ]^T^p\^ (5.14) 

where ^ T^p = 27^^T^ and stands for the self-dual components of the gravipho- 

ton field strength background, we have suppressed the superscript ^''^ denoting the 

background for convenience. 

There are two methods to obtain the second chiral ring relation. We will present 

the quick method here to have an understanding of the structure of the second ring 

relation and then present the detailed method using the Bianchi identities. Thinking 

^The factor 2 occurs in passing from the conventions of the Lorentz generators of to that of 
p3|| . We use the conventions of the latter to write the chiral ring relations in their final form. 
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of the relation in ( ^.14 ) as a relation in A/" = 2 superspace, we can obtain the 



second ring relation by performing a supersymmetry transformation with the broken 
supersymmetry generators, that is generators with the 2 index. Thus the second ring 
relation is given by 



^/j.A^Aj = -T„^D5*" + -i^o.p,X" (5.15) 



1 

r 

2*"^"" ' 2' 

where D5^^ is the expectation value of the D-term that we have turned on due 
to gauging from the hypermultiplet ^. We will see that in the detailed analysis 
D = 2h?m and is the N = \ gravitino field strength background. To obtain 
( [5. 151 ) from ( |5.1^j| ) we we have used the following supersymmetry transformations 



Let us now see in detail how the second ring relation comes about using Bianchi 
identities. Consider the Bianchi identity which involves acting on A*^ 

V'A*^ + -.labR'^y^ + Ik\'^ + RiX'^ - A A*^ = (5.17) 
4 2 2 

Again following the similar procedure of expanding the left hand side of the above 
equation in flat space indices and looking for the components with one anti-chiral 
spinorial index and one spatial index, we obtain the following equation 

^r/,. (27 W + i'Pb) bdtX'^) - ^ecBlaX'^'fi.X''' (5.18) 
+V2ecBT~,^''W'^''mpA + [Db, Da]X'^ = 0. 

Here we have substituted for all the fields and their scalings involved, except W'^^'" . 
Now consider the component with B = 1 and A = 2. After some gamma matrix 
manipulation and using the on shell conditions on the gravitino background we obtain 
the following chiral ring relation. 

iT^(sA'm5'^ + ^^Po.f3-yX^' = if]kKK (5.19) 

In the above equation we have substituted the value of W^"^^ at the M = 1 vacuum, 
we will show subsequently how fluctuations around this vacuum value are D exact 
terms. The gravitino fleld strength ip'f has been replaced by ip""^ ^. 
^It is the 22 component in the supersymmetry variation (|3.5| ). 

^This factor of i occurs when changing from the signature conventions of to p3||. 
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It is important to note that the for the component i = n, the U{1) part the right 



hand side of ( [5.19| ) vanishes and we are left with the relation 

iT^pA^m + ^^/Jafs^X^"" = (5.20) 

This is in contrast with the proposal of and there it was assumed that the 
presence of the graviphoton renders the gaugino non-Grassmanian, thus according 
to this proposal there would be a contribution from the the Abelian part on the 
right hand side of ( ^.191) . We see here that within the framework of A/" = 1 theories 
obtained from spontaneously broken M = 2 theories, the presence of the graviphoton 
in the chiral ring relations is a consequence of Bianchi identities and traditional 
supergravity tensor calculus. As a result there is no drastic change in the Grassmann 
nature of the gaugino superfield or of the superspace coordinates. 

As the two chiral ring relations in (|5.13|) and (|5.19|) are written in terms of bottom 
components of A/" = 1 superfields, we can promote these equations to an equation in 
M = 1 superspace. Thus the chiral ring relations are given by 

[WaM = -l^F^pW^ (5.21) 

Here we have used the fact that the bottom component of Gap-f is given by ipap^/A 
[Q. We have also rescaled the graviphoton with F^p = mis?' / ^/NTap- This ensures 
that the dimensions for the graviphoton is 3. The factor of -\/iV appears in writing 
the (|5.19| ) as a matrix equation since the f/(l) generator is I / \/N , finally m = \/Nm. 

In deriving the ring equations (|5.21|) from the Bianchi identities, we have ne- 
glected the fluctuations in the D terms and just substituted the background U{1) 
valued D-term proportional to A^m. We argue that the fluctuations to the D-terms 
arising from the expansion around the M = 1 vacuum are D exact terms and thus 
vanish in the chiral ring. Indeed M = 2 vector multiplet can be organized into a 
constrained chrial M = 2 superfield as follows 

m = <^ ^e'^w + {e'^fD (5.22) 

Here the auxiliary D is a,n M = 1 superfield whose bottom component gets an 
expectation value at the vacuum. The reality constraint on the M = 2 superfield is 
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given by 



(5.23) 



Acting by (-Di)^ on both sides of the equation we obtain 



AUD = siDifn^^ 



(5.24) 



Thus D is D exact, but a constant expectation value of D is not subject to this 
constraint, due to the presence of the d'Alembertian on both sides of the equation. 
Thus fluctuations in the D term can be neglected in the second chiral ring equation 



The chiral ring relations for the hypermultiplets do not receive any gravitational 
corrections. This can be seen by careful considerations of the Bianchi identities 



present a quick argument. Consider the commutator in ( ^.1|) acting on the chiral 
multiplet Qi obtained from the hypermultiplet, there is only one contribution to the 
curvature term, due to the presence of the gauge index on Qi. As Qi is a scalar it 
does not receive any contribution from the gravitino field strength because the chiral 
field in ( |5.1|) must carry at least one spinor index to receive a contribution. From the 
previous examples we have seen that the torsion term in (|5.1| ) always comes with a 
covariant derivative in the 2 direction, as a A/" = 2 superfield. If D2Q1 is non zero, 
it should be proportional to Q2 as D2 mixes the two chiral multiplets of hypers. 
But D2Q1 cannot contain any chiral components since Q2 is in the anti-fundamental 
representation, while D2Q1 must be in the fundamental representation. Therefore, 
from this analysis we see that the only contribution to the commutator in (|5.1|) is 
from the curvature term and that is because of the gauge index on Qi. Thus the 
chiral ring relations for the hypermultiplets are given by 



This completes our analysis of the gravitational deformed chiral rings using the par- 
tially broken M = 2 theory. 



of (|OT| ). 



involving the hypermultiplets from [|ri[| and the scalings given in ( [4.21 ), but here we 



QiW^ = 0, W^Q2 = 



(5.25) 
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6. Generalized Konishi Anomaly equations 

In ref. [§], we had obtained gravitational corrections to the effective superpotential 
using generahzed Konishi anomaly equations. In that derivation we had assumed 
that the M = 1 gauge function and Kahler functions at the classical level were 
trivial and only the classical superpotential was an arbitrary single trace polynomial 
in the chiral field. Furthermore the chiral ring relation that was used, although 
similar to eqs.( ^.2l| ), was not exactly the same. Specifically the ring relations used 
there were 

[W^a,$]=0 (6.1) 

[Wo., Wp] = Fap + 2Go,p^W^ (6.2) 



So while the second ring relation is the same as in eq. (|5.21|) , the first one differs 



Note that the right hand side of the first equation ( |5.21| ), scales as 1/A^. Therefore 



in the limit of the supersymmetry breaking scale A oo, the ring relations derived 
here reduce to the ones of ref.p|. Moreover, in this limit, the gauge function ( p.l7| ) 
and Kahler metric become field independent and therefore in this limit we reproduce 
the situation considered in ref.p. 

In this section we will analyze the modifications in the anomaly equations when 
A is finite and show that there are A-dependent corrections. We will also see that the 
consistency of the anomaly equations in the presence of graviphoton field strength 
crucially requires the Af = 2 relation between the superpotential and the gauge 
function, namely that they come from the prepotential. 

Since Wa and $ do not commute in the chiral ring ( |5.21| ), at first sight it appears 
that the derivation of generalized Konishi anomaly equations become very difficult as 
now the ordering of $ with respect to Wa inside traces cannot be ignored. However 
by a field redefinition ring relations of ( p. 211 ) can be transformed into eq.( |6.2D . Indeed 



from the second ring relation we can obtain the following relation 

[Wa,W^] = -2Fa^W^ (6.3) 
Using this fact it is easy to see that by a field redefinition 

+ 1^^ (6.4) 



- 32 - 



the first ring relation of eq (|5.21 ) goes over to tliat of eq.(6^). By substituting 
tlie above field redefinition in tlie action we can read off the gauge function and 
the superpotential in terms of the redefined chiral field $. In Appendix B, it is 
shown that the superpotential remains unchanged while the gauge function becomes 
$ independent constant modulo D-terms, and all the A dependence drops out. As 
this point is important we will demonstrate this cancellation for the first A dependent 
term here. This A dependent term arises from the cubic term of the prepotential in 
( |3.14 ). We see from ( 3.17|) the contribution of the cubic term to the kinetic term for 
the gauginos is 

- |LlTr($iy2) (6.5) 

Now performing the shift of ( |6.4|) in the superpotential on the term my^^one gets 
the same contribution as in ( |6.5| ) but with the opposite sign, thus this A dependent 
term cancels. It is important to stress here that this cancellation between the gauge 
kinetic terms coming from the original gauge function and the superpotential, cru- 
cially depends on the N = 2 relation between the two. Had we taken an arbitrary 
gauge function, which is certainly allowed in = 1 theory, this cancellation would 
not have taken place (in terms of the redefined fields ( |6.4|) ) and there would have 
been a surviving non-trivial gauge function. We will show below that the result- 
ing generalized Konishi anomaly equations then would have been inconsistent in the 
presence of graviphoton field strength. 

The Kahler function, i.e. the kinetic term for the chiral fields, is however still 
a non-trivial function of redefined chiral fields for finite A. Note however that all 
these non-trivial $ dependent terms are non-renormalizable. One might wonder if 
under a transformation $ ^ $ + /($) where / is an arbitrary function, needed 
to derive generalized Konishi anomaly equations, the non-trivial Kahler function 
would contribute. Since our equations are chiral ring equations (i.e. modulo D 
exact terms), the Kahler function can contribute only through generalized Konishi 
anomaly. We do not expect that the non-renormalizable terms would contribute to 
the anomaly, therefore the structure of anomaly contribution to the Schwinger-Dyson 
equations resulting from the above transformation would be governed by the trivial 
renormalizable (field independent) kinetic term. 
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It then follows that the equations derived in ref.0] remain unchanged and the 
effective superpotential receives no correction for finite A. However now we would like 
to show that if there had been a non-trivial gauge function (after the field redefinition 
(|6.4|)), we would have obtained inconsistent equations in the presence of graviphoton 
field strength. In the following $ will always denote the redefined field (|6.4| ) so 
that in the chiral ring it commutes with Wa- Recall that under an infinitesimal 
transformation 5$ = /($, W), the generalized Konishi anomaly is given by 



1 5f,, 
327r2 6^M 

with 



AjM^ (6-6) 



A,,M = {W^)kjS,e + Skj{W%e - 2W^^Wa^e + ^G^S^jSie. (6.7) 

where the last term is the gravitational contribution to the anomaly. Now consider 
a transformation 

5$ = /($, W) = F^f,^— + 2G„^^-^ (6.8) 

The corresponding generalized Konishi anomaly vanishes (modulo D-terms). Indeed 
by using the anomaly ( |6.7|) and the chiral ring relation (|6.2| ) we find that the anomaly 
is proportional to: 

1 

^^'^^^^^"^^'^^^ + 2G„,,Tr(— ^)) (6.9) 

(6.10) 



z — 9 z — <P 

where we have used the fact that in the chiral ring and [F.G)^ multiplied by F 
or G vanish (see eqs.(2.13)-(2.20) of ref.|^ for proof). 

Under this transformation the change in classical superpotential vanishes: 

5W($) = i^./.Tr(-^) + 2G„,,Tr(W'^) = Tr(>V'^^^) = (6.11) 

Here and in the following prime denotes derivative with respect to If there is a 
non-trivial gauge function Trr(<l>)14^^ in the action, then the corresponding change 
is 

6{TttW') = F^,Tt{t'—-^) + 2G„,,Tr(r'--^) = F^,Tt{t'--^) (6.12) 
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where we have used the fact that 



Tr(r' 



,{W\W^} 



(6.13) 



z - ^ 



o z 



) + (G.F)^Tr(r' 



z - ^ 



1 



)) 



(6.14) 



and the fact that and [G.Fy' when multiphed by another G vanishes in chiral 
ring. In the second equahty above, we have repeatedly made use of the second ring 
relation ( |6.2| ). 

This shows that the change in the gauge kinetic term does not vanish if the 
gauge function r is a non-trivial function of $ (the only exception for single trace 
gauge function is if r' is proportional to G^). Thus for a non-trivial gauge function 
the resulting Schwinger-Dyson equations would be inconsistent with the chiral ring 
relations ( |6.2| ). As shown in the Appendix B, the triviality of the gauge function is a 
consequence of the precise Af = 2 relation between the superpotential and the gauge 
function, which arises due to the fact that the A/" = 1 theory is obtained by partial 
spontaneous breaking of A/" = 2 theory. 

7. Conclusions 

In this paper we have discussed the Af = 1 effective field theory arising in the 
rigid limit of a partially broken M = 2 supergravity coupled to vector- and hyper- 
multiplets, in the presence of a non-trivial background graviphoton Fap and gravita- 
tional superfield Gaf3'y We have shown that the effective field theory one obtains is 
the one discussed in [0 and subsequent literature. Moreover, we have also derived the 
chiral ring relations in the presence of the above backgrounds. We have shown that 
they are precisely those used in the literature ^, ^ ^ to connect the generalized 
gravitational superpotentials of the SYM theory to the coefficients of the topological 
expansion in the corresponding matrix model integral. We should stress however 
that in our approach the chiral ring is a consequence of the Bianchi identities of the 
underlying M = 2 theory and therefore no drastic change in the Grassmann nature 
of the gaugino superfield or of the superspace coordinates is postulated. 

Another important result of our analysis, supporting the M = 2 interpretation, 
is that, in the presence of Fq,/}, consistency of the loop equations requires that a non 
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trivial gauge function, in principle arbitrary for an A/" = 1 SYM theory, should in fact 
be related to the superpotential precisely in the way given by A/" = 2 supersymmetry. 

A point which deserves better understanding is whether our effective field the- 
ory can be derived from the effective action of wrapped D5-branes. Whereas the 
relation of fluxes to gauging seems to be well understood on the closed string side 
of the closed/open string duality, on the D5-branes side this is not completely clear. 
We recall that the crucial ingredient for this partial breaking is the gauging of two 
translational symmetries in the hypermultiplet space; with the two U{1) gauge fields 
being the graviphoton and another gauge field that decouple completely in the rigid 
limit. Here we indicate possible mechanisms for this gauging on the D-brane side. 
The obvious candidate for the latter is the center of mass U{1) of the D-brane system. 
The hyper mult iplets that can naturally play a role in this problem are the universal 
one (associated to the dilaton) and the one associated with the (1,1) form dual to 
the 2-cycle which is wrapped by the D-5 brane. Consider the Chern-Simons term on 
the D-brane world- volume 



where F is the world- volume gauge field strength and C4 is the RR 4-form potential. 
Writing C4 = T2 Act;(i i) where is the (l,l)-form dual to the 2-cycle wrapped by 
the D-brane and T2 is a 2-form in the remaining directions, and dualizing T2 in the 
non-compact 4-dimensional part of the world volume, we find a coupling of the form 
TiA^^dub where b is the scalar field dual to T2. Thus we see that the center of mass 
f/(l) gauges the translational symmetry of the scalar field b. Note also that writing 
the gauge field as A = Acm^/y/N + A^Ti where Tj are the SU{N) generators and the 
factor of ^/N is included so that the kinetic term for Acm is normalized to unity, we 
find that the Chern-Simons coupling term is ^fNA'^^d^b. This is in accordance with 
the scaling of charge m as y/N-fh observed in the comments following eq.( |5.21|) . 

The issue of the second U{1) gauging by graviphoton is less clear in the context of 
D-branes. In JIB theory under consideration, the graviphoton appears from the RR 
5-form field strength F5 = Fl*^ A Q where Q is the holomorphic 3-form on the (non- 
compact) Calabi-Yau space. Given the fact that in the presence of D5- branes there 
is a non-zero flux of the associated RR field strength F3 through the non-compact 




(7.1) 
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Calabi-Yau space, the 10-dimensional Chern- Simons term J (f^xF^ A F3 A B2 could 
in principle gauge the translational symmetry of the scalar field dual to the NS-NS 2- 
form potential B2. The charge then would be proportional to the integral J^y Q AF3 
over the Calabi-Yau space. Thinking of the non-compact Calabi-Yau as a K3 fibered 
over a plane, the holomorphic 3- form can be written as = co A dz, where cu is 
the holomorphic 2-form inside and dz is the holomorphic 1-form on the complex 
plane, thus fl = da where 

/ uAdz, (7.2) 

J z=zo 

therefore 

J flAF3 = J aAdF3 + J aAFsl^ (7.3) 

here by 00 we mean the boundary on the complex plane at infinity. The first term 
in the above equation is finite, infact dF^ is localized at the position of the brane. 
However one needs to put a cut off to give a meaning to the second term. Thus 
it is not clear if the theory on D5-brane wrapped on a 2 cycle of a non-compact 
Calabi-Yau provides a realization of the spontaneously broken theory considered in 
this paper. It will be interesting to study this issue further. 
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A. Conventions 

We list here the conventions for the fiat hyper Kahler manifold. The manifold is 
parametrized by the coordinates q = (g^",g^"), where A = 1,2 and u = 1, . . .m. 
They form a set of 2m complex coordinates. The metric on this manifold is given 

by 

ds'' = dq^^dq^'^SABSuu (A.l) 

We will denote this metric as h^^, here u, v refer to the entire set 2m holomorphic 
and the anti-holomorphic coordinates, thus hAuBu — ^^ab^uu- The vielbein one form 
is given by 

= U^l'dq^"" + U^l'df (A.2) 
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Here we have split the Sp{2m) indices as ai with a = 1,2 and i = 1, . . . m. The 
exphcit form for the vielbein are 

U^^' = ^^^^^e^^fJ™, U^^' = ^5'^2^^^5™, (A.3) 
V 2 v 2 

The vielbein defined this way satisfy the following required conditions for the hyper- 
Kahler manifold 

= U^^'U^'^ecD^abSlJ, (A.4) 

B. A independence of the gauge kinetic term 



In this appendix we show that after the field redefinition ( |6.4|) the A dependence of 
the gauge kinetic terms drops out modulo D terms for the M = 1 theory obtained 
from partially broken M = 2. We will need the following identities in the chiral ring 
which are obtained by simple algebraic manipulations from the basic ring relations 

7 

[W^,W^] = -2F^f,W^, (B.l) 



To simplify the first ring relation in (|5.21| ) we perform the following field redefinition 



+ a = T^ (B.2) 

The redefined $ now commutes with W^, but we have to perform the same shift in 
the action of the spontaneously broken theory. As we have seen in section 3. after 
breaking M = 2 symmetry to A/" = 1 we following obtain the superpotential 

n 

H; = my-^Tr<l>'=+^ (B.3) 
^ k + l ^ ' 

k=i 

Apart from the trivial A dependent term in the gauge kinetic function this theory 
also has a non trivial gauge function obtained from the prepotential 

n 

^' = — V - Tr^'^+2 (B 4) 



k: 



{k + l){k + 2) 



^For a proof of these identities see 
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A convenient way of writing the gauge function of the A/" = 1 theory is i J d^OT^^) 
and substituting \E' = $ + OWa + O^D in the prepotential and extracting out the 
coefficient of W"^ ®. Roughly this is given by the second derivative of the prepotential 
( [B.4| ). However as $ and Wa don't commute with each other we have to be careful of 
the orderings in higher powers of Our aim now is to make the redefinition of ( [B.2| ) 
in both the gauge function and the superpotential and simplify the resulting higher 
powers of W"^ using the ring relations of ( |B.lj ). We claim that after the redefinition 
to the chiral multiplet which commutes with W"" the A dependence of the gauge 
kinetic term drops out. 

As a first test we look at the terms which are of the type Tr($14^^). There are 
two contributions, one from the superpotential which is given by magiIi{(^W'^) , the 
contribution from the gauge function is given by — ■j^Tr($Vr^) and thus for the 
value of a given in (|B.2|) they cancel. The — ^ factor comes if one keeps track of the 
9 orderings. Terms proportional to can be rewritten due to the following identity 

TiiW'^W'^^^) = ]p:i{W'W^,W'^^^], (B.5) 

= --Tr(G2H^2$^ + (G ■ PyWo,^^) 
3 

We also note that 

[W^a,Vr1=0 (B.6) 

From (^) and (^) it is easy to see that contribution proportional {W'^Y for p > 1 
vanishes in the chiral ring. This is seen as follows 

Ti{W^{Wy-^^^) = ^TTiyV'Wc^W^Wy-^ (B.7) 

= --Tr {G^W^ + {G ■ 
3 

For dimensional reasons any reduction of powers of W in the last equation of ( p. 7] ) 
would involve higher powers of F or G. Any multiplication of F or G with G^ or 
G ■ F vanishes in the chiral ring §]. Therefore contributions proportional to {W^y 
vanishes for p > 1. 

*This definition of the gauge function gives the correct normahzation for the usual kinetic term 
for the prepotential 5*^/2 which is — i/4 
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We are now left with terms proportional to [W^Y^^^. We will now show that 
they too vanish. Consider the contribution to from terms proportional to 

Qk for sufficiently large k both from the superpotential and from the gauge kinetic 
term. The superpotential contributes the following term. 

We will denote the combinatorial factor in front by Ng = ^^^C2p+i- From the gauge 
kinetic term the contribution to (W'^)'^^^^ can be organized into two kinds. One 
kind of terms can be manipulated due to the cyclic properties of the trace to a 
term proportional to Tt{{W'^)'^^'^^^^~'^^) , the second kind of terms can be manip- 
ulated by the cyclic properties of the trace and (|B.6| ) to a term proportional to 
Tr{{W'^y^~^W°'W'^Wa^'^~'^^). We will now find the precise combinatorial coefficient 
in front of this term. The second type of terms arise from first choosing k — 2p $'s 
out of A; + 2 terms and then looking for various arrangements of the W^s such that 
there are odd number of W"^ between two single W^^s. This is because if there is 
an even number of W"^ between the two Wa they can be commuted through so that 
the two Wa become adjacent giving rise to W"^, and therefore gives a term of the 
first type. The number of ways of having odd number of W'^^s between two W^s is 
given by p{p + 1). This is argued as follows; from the remaining 2{p + 1) $ we need 
to take two Wa and the remaining 2p W"^. In doing so we must have odd number 
of W"^ in between the positions of the two Wa- To count the number of ways we 
can have odd number of W"^ between the two Wa, let n denote the position of the 
second Wa- Clearly n = 3, ---,2p + 2. Then the position of the first Wa must be 
n — 2k for some integer k so that the number of W^ in the middle is 2A; — 1. Clearly 
k = 1, •••[^^] where the square bracket means the integer part of the argument. The 
number of possible values of k therefore is {n — l)/2 for odd n and {n — 2)/2 for even 
n. Writing n = 2m + 1 for odd n and 2m + 2 for even n we see that the range of 
m in either case is from 1 to p and the number of possible k is m. Thus the total 
number of such terms is 2 Y7m.=i ~ + !)• All these terms, by using the cyclicity 
of the trace and by moving even powers of W'^ across Wa can be brought to the form 
Tr((H^^)^P"W°iy^PVQ,<l>^~^P). Thus the total number of terms of the second type 
is No = ^^'^Ck~2pP{p + 1); where the binomial factor comes from possible ways of 
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picking k — 2p $'s out of A; + 2 superfields. 

Let us now count the number of configurations of the first type namely, 
Ty{{W'^)'^^^^^^''^'^) . This is obtained by subtracting the total number of configu- 
rations in the gauge function proportional to (W'^)'^^'^^ by No- The total number of 
such configurations is given by Nt = ^^'^C2^C2p- 

Therefore the terms proportional to gkW^"^^^^ from both the superpotential and 
gauge function totally are given by 

Substituting the values of A^t, No, Ng and a = jj^, we see that the above term 
reduces to 

- (^^i)(^^°2) Tr(iy^iy"{iy», w'}{wY'~'^^'~'n (b.io) 

This is because the combinatorial factors satisfy the relation 

No = ^{2Nt-{k + 2)N,) (B.ll) 

Now from the second equation of ( |B.1|) we see that the term in ([B.lOp is already 
proportional to or G ■ F, therefore reducing the remaining W's by chiral ring 
identities ensures that such terms vanish. 

What remains to compute is the term proportional to {W'^y coming from the 
superpotential and the gauge function. From the superpotential this term is 

rha^^^+^C2Ti(<i>''-\W^?) (B.12) 
k + 1 

while from the gauge function, since there is no difference between Tt[^^~^{W'^)'^) 
and TT{^^~^W°'W'^Wa) due to the cychcity of trace, we obtain 

where the factor 3 in the front appears due the three possible arrangements of W"^ and 
the two single WaS. Substituting the value of a we find that the two contributions 
( |B:T^ ) and (gJ^) exactly cancel. 
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To conclude, we have shown here that after the field redefinition of $, so that 
the new field commutes with Wa, all the non-trivial $- dependent (and hence A- 
dependent) part of the gauge function cancels and we are left with just the $ and A 
independent gauge function. This was the situation considered in M. 
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